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ABSTRACT 

An a r t i f i c i a l  g r a v i t y  experiment  proposed f o r  
Skylab B r e q u i r e s  v e h i c l e  rates on t h e  o r d e r  o f  t h e  lowes t  
n a t u r a l  f requency  of f l e x i b l e  appendages. The r e s u l t s  of 
a s t a b i l i t y  a n a l y s i s  o f  a r o t a t i n g  v e h i c l e  w i t h  i d e a l i z e d ,  

s o l a r  a r r a y s  are as fo l lows:  

The ax is  of r o t a t i o n  must be t h e  ax is  o f  maximum 
moment of  i n e r t i a  o f  t h e  undeformed v e h i c l e  
i n c l u d i n g  t h e  s o l a r  arrays.  

There i s  a l i m i t  on r o t a t i o n  r a t e  above which 
s t e a d y  r o t a t i o n  abou t  t h i s  axis i s  n o t  s t ab le .  

T h i s  l i m i t  depends on t h e  f i r s t  mode n a t u r a l  
f requency  of t h e  solar  a r r a y s  and on t h e  i n e r t i a l  
p r o p e r t i e s  of  t h e  v e h i c l e  b o t h  w i t h  and w i t h o u t  
t h e  so l a r  a r r a y s .  
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I n  t r o  d u c t  i on 

An a r t i f i c i a l  g r a v i t y  experiment proposed f o r  Skylab B 
r e q u i r e s  s p i n  rates on t h e  o r d e r  of  1 0  rpm f o r  t h e  c e n t r i f u g a l  
f o r c e  t o  approximate e a r t h  g r a v i t y .  The lowes t  n a t u r a l  f requency 
of f l e x i b l e  appendages such a s  s o l a r  a r r a y s  i s  o f  t h e  same o r d e r  
of magnitude a s  t h i s  ro t a t ion  rate.  An MSC memorandum [ll p o i n t s  
o u t  t h a t  t h e  dynamic s t a b i l i t y  of t h e  v e h i c l e  a s  a f u n c t i o n  of 
r o t a t i o n  ra te  depends upon t h e  n a t u r a l  f requency of t h e  appendages 
and t h e  moments of i n e r t i a  of the  v e h i c l e .  I n  t h i s  memorandum, 
t h e  c o n d i t i o n s  f o r  s t a b l e  r o t a t i o n  are determined.  

The Model 

The v e h i c l e  under c o n s i d e r a t i o n  i s  Skylab B w i th  symmetric 
s o l a r  a r r a y s .  The Skylab wi thout  t h e  s o l a r  a r r a y s  i s  cons ide red  a 
rigid h d y .  T h e  body-flxed axes  X ,  y ,  z are aiigfied - - ' + &  WI ~ 1 1  L ~ L C  axes 
of p r i n c i p a l  moments of i n e r t i a  of t h e  composite c o n f i g u r a t i o n  
wi th  o r i g i n  a t  t h e  c e n t e r  of  mass. The so la r  a r r a y s  a r e  l o c a t e d  
i n  t h e  x-y p l ane  wi th  t h e i r  c e n t e r s  of mass a t  + b on t h e  y-ax is .  
The f l e x u r a l  bending of a solar a r r a y  i s  modelez by t h e  d i s p l a c e -  
ment of a mass-spring-damper system a t t a c h e d  t o  a massless r i g i d  
member, as d e p i c t e d  i n  F igure  1. The d isp lacements  of t h e  two 
masses are c o n s t r a i n e d  t o  be ant isymmetr ic  i n  t h e  z d i r e c t i o n  
( f o r  t h i s  mode l ) ,  t h u s  apply ing  a moment about  t h e  x-ax is  b u t  
n o t  a l t e r i n g  t h e  l o c a t i o n  of t h e  v e h i c l e ' s  c e n t e r  of m a s s .  

The system of equa t ions  d e s c r i b i n g  t h e  r o t a t i o n a l  motion 
of the s p a c e c r a f t  and t h e  d isp lacements  of t h e  masses are non- 
l i n e a r .  These equa t ions  have an e q u i l i b r i u m  s o l u t i o n  which i s  a 
c o n s t a n t  r o t a t i o n  a t  r a t e  r, about  t h e  z-axis  and ze ro  d isp lacement  
of t h e  masses. S t a b i l i t y  i s  i n v e s t i g a t e d  by examining s t a b i l i t y  of 
t h e  l i n e a r i z e d  equa t ions  about  t h i s  e q u i l i b r i u m  [ 2 ] .  

Linea r i zed  Eauat ions  of Motion 

The equa t ion  of motion f o r  a s o l a r  a r r a y  can  be w r i t t e n  
by summing t h e  f o r c e s  on t h e  mass m i n  a r o t a t i n g  c o o r d i n a t e  
system. These f o r c e s  inc lude  a s t r u c t u r a l  damping t e r m ,  t aken  
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t o  be a f u n c t i o n  of  t h e  r e l a t i v e  v e l o c i t y  of  t h e  mass, and a 
r e s t o r i n g  f o r c e  o r  s t i f f n e s s  t e r m  p r o p o r t i o n a l  t o  t h e  re la t ive  
d i sp lacemen t .  A f t e r  l i n e a r i z a t i o n ,  t h i s  e q u a t i o n  becomes 

2 Z + < Z + w  Z = - b ( q r o + p )  
P 

where 

5 = C/m 

w = ( K / m ) l i 2 ,  lowest n a t u r a l  f requency  of t h e  so la r  
P a r r a y s  i n  f l e x u r e  

p , q , r , + r  - components of t h e  angu la r  v e l o c i t y  vect9r  of  t h e  
v e h i c l e  w i t h  r e s p e c t  t o  a n  i n e r t i a l  r e f e r e n c e .  

Z - disp lacement  of  m a s s  m i n  t h e  z d i r s c t i m  

C - t h e  v i s c o u s  damping t e r m  

K - t h e  s t i f f n e s s  t e r m  

Equat ion  (1) governs  bo th  masses s i n c e  t h e y  undergo an t i symmet r i c  
d i sp l acemen t s  w i t h  an t i symmetr ic  f o r c e s .  

The E u l e r  e q u a t i o n s  governing t h e  r o t a t i o n a l  motion of 
t h e  v e h i c l e  l i n e a r i z e  t o  

2 .. 
- 1 )  = -2mb ( Z  + r o  Z )  

Y Ix P + q r o  ( Iz  

I q + p ro (Ix - Iz) = o  
Y 

i 2 c j  

where Ix, I 

v e h i c l e  ( i n c l u d i n g  t h e  solar a r r ay )  a b o u t  t h e  a p p r o p r i a t e l y  sub- 
s c r i p t e d  p r i n c i p a l  axes. 

I~ are t h e  p r i n c i p a l  moments o f  i n e r t i a  of t h e  t o t a l  
Y '  
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Equat ion ( 2 c )  i s  uncoupled and i s  s a t i s f i e d  by r = r, = 
c o n s t a n t .  The system of l i n e a r  equat ions  (11, ( 2 a )  and (2b)  
has  t h e  fo l lowing  c h a r a c t e r i s t i c  equat ion:  

I sb 

IX 

I 

which, on expansion,  

4 0 = a s  
0 

where 

can be 

3 a s  1 

a = I (Ix - Ib) 
0 Y 

1 X Y  
a = 5 1 I  

i 
2 2 ;  s + < s + w  

P 
r, (Iz-Iy) 2mb(s2+rO2)  ,, = O  ( 3 a )  

S I  0 
Y 

r e w r i t t e n  i n  t h e  form 

4 a s2 + a s + a 2 3 

2 Ib = 2mb i s  t h e  moment of i n e r t i a  of t h e  two i d e a l i z e d  
so la r  a r r a y s  wi th  r e s p e c t  t o  t h e  c e n t e r  of mass of 
t h e  composite v e h i c l e .  

S t a b i  li t y  C r i t e r i a  

The Routh-Hurwitz c r i t e r i o n  g i v e s  necessary  and 
s u f f i c i e n t  c o n d i t i o n s  f o r  asymptot ic  s t a b i l i t y .  These 
c o n d i t i o n s  are [31: 
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> o  

> o  

> o  

0 a 

al 

a 4  

ala2 - a a > o  

- al a4 

0 3  

> o  2 a ( a a  - a a )  3 1 2  0 3  

I f  a 4 > 0  and a3>0 ,  cond i t ion  (5d) i s  implied by c o n d i t i o n  

( 5 e ) .  The re fo re ,  cond i t ion  (5d)  can be r e p l a c e d  by t h e  c o n d i t i o n  
a >O. Thus c o n d i t i o n s  ( 5 )  may be written as 3 

> o  0 a 

> o  
> o  

al 

a3 

> o  

> o  

4 a 

2 
a3(a la2  - a 0 3  a 1 - al a 4  

which, i f  s a t i f i e d ,  a u t o m a t i c a l l y  imply t h a t  a 2 > 0  and t h a t  
c o n d i t i o n  (5d)  i s  s a t i s f i e d .  

S u b s t i t u t i n g  f r o m  equa t ions  ( 4 1 ,  t h e  c o n d i t i o n s  (6) 
become : 
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I (Ix 
Y 'b) > o  

I z ( I z  - Ix) ( Iz  - Ix - I y ) 2  > 0 

2 1 I z ,  I b f  r o  , w 2, and 5 I x f  y f  P 
For a p h y s i c a l l y  r ea l  system, 

- are  a l l  p o s i t i v e ,  and Ix - 
of  t h e  r i g i d  body about  t h e  x - a x i s .  Thus, c o n d i t i o n s  (7a)  and 
(7b)  are sa t i s f ied .  The remaining t h r e e  c o n d i t i o n s  can be reduced 
t o  t h e  fo l lowing :  

w h e r e  IRBX is  t h e  moment of i n e r t i a  'b - 'RBX 

I Z  > I X  

> I  
I Z  Y 

2 2 
'b w ( Iz  - Iy) ' r o  

P 

These c o n d i t i o n s  can a l s o  be d e r i v e d  from t h e  work o f  
L i k i n s  [ 4 ]  by t h e  p rope r  s u b s t i t u t i o n s .  

D i scuss ion  

Cond i t ions  ( 8 a ) ,  (8b)  , and (8c )  are  t h e  c o n d i t i o n s  f o r  
a sympto t i c  s t a b i l i t y  of r o t a t i o n  about  t h e  z -ax is .*  The f i r s t  
t w o  c o n d i t i o n s  show t h a t  t h e  z -ax i s  must be t h e  a x i s  of maximum 
moment of i n e r t i a ,  a r e s u l t  ob ta ined  by P r i n g l e  [ 5 1 .  Condi t ion  
(8c )  l i m i t s  t h e  ra te  of r o t a t i o n  accord ing  t o  t h e  n a t u r a l  f requency  I 

of t h e  solar  a r r a y s  and t h e  moments of i n e r t i a  o f  t h e  Skylab and 

* ( t h a t  i s ,  no components of r o t a t i o n a l  p e r t u r b a t i o n  abou t  
t h e  x o r  y axes are s u s t a i n e d . )  
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t h e  solar  a r r a y s .  
and t h e  system no longe r  s a t i s f i e s  t h e  n e c e s s a r y  c o n d i t i o n s  
f o r  s t a b i l i t y ,  t h a t  i s ,  a l l  c o e f f i c i e n t s  o f  (3b)  must be non- 
z e r o  and of t h e  same s i g n .  

A t  t h i s  c r i t i c a l  r a t e  o f  r o t a t i o n ,  a 4  = 0 

Cond i t ions  (8b)  and ( 8 c )  a re  i d e n t i c a l  t o  two c o n d i t i o n s  
o b t a i n e d  by Lindsay of MSC 1 1 1  b u t  ( 8 a )  i s  less r e s t r i c t i v e  t h a n  
h i s  cor responding  c o n d i t i o n .  Both Lindsay and L i k i n s  have a n o t h e r  
l i m i t  on t h e  r o t a t i o n  r a t e  d e r i v e d  from r e q u i r i n g  a > 0 ,  b u t  i t  
has  been shown t h a t  t h i s  c o n d i t i o n  i s  a u t o m a t i c a l l y  s a t i s f i e d  if 
c o n d i t i o n s  ( 6 )  are s a t i s f i e d .  

2 

J J F  
1 0  2 2-RJR-mef 

LEV 

J $ Z * - < A  
J .  J .  F e a r n s i d e s  

(/-* 
R.  J .  Ravera 

L. E. Voelker  
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